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4.3 Difficulty of Integer Linear Optimization
• General form of an integer linear optimization problem

min cTx

s.t. Ax ≥ b

x ∈ ZN

NOTE: Compared to linear optimization (considered solvable), the additional con-
straint x ∈ ZN makes the problem much more difficult.

• Exploiting linear optimization may not lead to optimality (see below).

Relaxation

• Solving the problem by ignoring x ∈ ZN is called relaxation.

The corresponding linear optimization problem is called the relaxed problem.

• x∗, f ∗: optimal solution and optimal cost of the integer linear optimization problem

xrelax, frelax: optimal solution and optimal cost of the relaxed problem

When xrelax is an integer point, relaxation is optimal since it yields xrelax = x∗.

1 2 3 4

1

2

optimal to relax
integer constraints

abstract drawings
of feasible sets

Feasible set of integer linear optimization: set of integer points in shaded area

Feasbile set of the relaxed problem: shaded area
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• When xrelax is not an integer point, relaxation is not optimal (not even feasible).
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NOTE: frelax provides a lower bound on f ∗.

Relaxation with Integer Rounding

• Relaxation with integer rounding: relaxation followed by rounding to the nearest
feasible integer point
xround, fround: solution and cost from relaxation with integer rounding
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NOTE: xround may not be optimal. fround provides an upper bound on f ∗.

• In general,
frelax ≤ f ∗ ≤ fround

NOTE: If the difference between frelax and fround is small, we may accept xround as
an efficient solution (without knowing what f ∗ is).

Relaxation with Integer Rounding and Local Search

• Local search: iteratively finding a better neighbor of the current solution
Example: Neighbors of (x1, x2) are (x1 ± 1, x2) and (x1, x2 ± 1) that are feasible.

• Local search yields a local optimal solution, but not always a global optimal solution.
Example: In the last figure, local search yields (x1, x2) = (3, 0) while the global
minimum is at (1, 2).
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Using Local Search

• Using local search only: some (not all) possible results
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NOTE: Several runs from several random initial points to find x∗

• The simplex algorithm is in fact based on local search.
BFSs whose basic columns differ in only one column are neighbors.

Practice exercise (relaxation and rounding): Consider the problem

min ax1 + bx2

s.t. 2x1 + x2 ≤ 3

− x1 + x2 ≤ 2

x2 ≥ −2

x1, x2 ∈ Z

1. Draw the feasible set of the relaxed problem.

2. Draw the feasible set of the original problem.

3. For a = −1 and b = 1, find x∗, xrelax, and xround by inspection.

Then, verify that frelax ≤ f ∗ ≤ fround.

4. Repeat part 3 but with a = −4 and b = −1.

Practice exercise (local search): Consider the same optimization problem as in the
last exercise. Define a neighbor of a feasible solution (x1, x2) as any feasible solution of
the form (x1 ± 1, x2) or (x1, x2 ± 1).

1. For a = −1 and b = 1, starting from the initial solution (x1, x2) = (−1, 1), draw
a possible path that local search can take in the feasible set. Is the final solution
optimal?

2. Repeat part 1 but with a = −4 and b = −1.
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Comments on Computational Complexity

• Several integer linear optimization problems are NP-complete.

NOTE: “NP” stands for “nondeterministic polynomial” and refers to the fact that
an NP-complete problem has no known fast solution algorithm whose running time
grows only polynomially (not exponentially) with the problem size.

• For practical engineers, “NP-complete” means “too difficult to find an optimal
solution” when there are a lot of variables.

Approximated optimal solutions are typically obtained for NP-complete problems
using heuristics (educated guesses), e.g., local search.

• Developing heuristics is an active field of research.

• However, for problems with small numbers of variables, we can obtain optimal
solutions (discussed next).
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