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1 Illustrative Examples and Difficulty of Integer Linear Opti-
mization

• Recall that the general form of an integer linear optimization problem is

minimize cTx

subject to Ax ≥ b

x ∈ ZN

• Compared to linear optimization, the additional constraint x ∈ ZN makes the
problem much more difficult.

• Exploiting linear optimization is not straightforward, as will be seen next.

Relaxation

• Solving the problem by ignoring x ∈ ZN is called relaxation. The corresponding
linear optimization problem is called the relaxed problem.

• Let f ∗ and frelax be optimal costs for the original problem and for the relaxed
problem.
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• If an optimal solution from relaxation is an integer point, it is also optimal for the
original problem (case (a)).

• Otherwise (case (b)), frelax is a lower bound on f ∗.
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Relaxation and Integer Rounding

• Consider relaxation followed by integer rounding, i.e., using the nearest integer
point. Let frounding be the optimal cost obtained.
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• Rounding to nearest integer point may be infeasible.

• Rounding to nearest feasible integer point may not be optimal, but can yield an
upper bound.

Relaxation, Integer Rounding, and Local Search

• Consider relaxation followed by integer rounding and by local search, i.e., checking
neighbors of the current solution.

• Example neighbors of (x1, x2) are (x1 ± 1, x2) and (x1, x2 ± 1) that are feasible.

• While local search yields a local optimal solution, it does not guarantee a global
optimal solution.

• The previous figure provides an example of a local minimum at (x1, x2) = (3, 0);
the global minimum is at (1, 2).

Computational Complexity

• Integer linear optimization problems belong to a class of combinatorial problems
many of which are open problems.

• In particular, several integer linear optimization problems are NP-complete and
have no practical exact solutions so far.1 The technical details of NP-completeness
is beyond our scope.

• For practical engineers, approximated solutions are usually obtained for NP-complete
problems using heuristics. Local search is one example of heuristics.

• Designing general-purpose as well as problem-specific heuristics are active research
areas for integer linear optimization.

1“NP” stands for “nondeterministic polynomial” and refers to the fact that an NP-
complete problem has no known fast solution algorithm whose running time grows only
polynomially with the problem size.
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2 Branch-and-Bound

• Branch-and-bound is commonly used to obtain exact optimal solutions of integer
linear optimization problems.

• Let F be the feasible set. If the problem with F is too difficult, we break F into
smaller subsets Fi’s to form subproblems. A subproblem remained to be solved is
called active.

• Below is the description of branch-and-bound.

Branch-and-Bound

Notations

• A: set of active subproblems

• Fi: feasible set of subproblem i

• xi
relax: optimal solution obtained from relaxation with Fi

• f i
relax: optimal cost obtained from relaxation with Fi

• xbest: best integer solution found so far

• fbest: best cost found so far from an integer solution

Iteration of branch-and-bound

Initialize A = {F} and fbest = ∞.

1. Remove one active subproblem, say subproblem i, from A.

2. If subproblem i is infeasible, i.e., Fi = ∅, discard the subproblem and go to step 5.
Otherwise, compute xi

relax and f i
relax through relaxation and go to step 3.

3. If f i
relax ≥ fbest, discard the subproblem and go to step 5. Otherwise, go to step 4.

4. If xi
relax is an integer point, set xbest = xi

relax and go to step 5. Otherwise, partition
Fi into smaller subsets, add these subsets to A, and go to step 5.

5. If A ̸= ∅, go to step 1. Otherwise, terminate by returning xbest and fbest as an
optimal solution and the optimal cost respectively.

• One simple partitioning of Fi is to use a noninteger component of xi
relax. Given

xi
relax,j is not an integer, two subproblems are created with additional constraints

xj ≤ ⌊xi
relax,j⌋ or xj ≥ ⌈xi

relax,j⌉
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Example 1 : Consider applying branch-and-bound to the following integer linear opti-
mization problem.

minimize x1 − 2x2

subject to − 4x1 + 6x2 ≤ 9

x1 + x2 ≤ 4

x1, x2 ≥ 0

x1, x2 ∈ Z

The feasible set and iterations of branch-and-bound are shown below.
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Fi xi
relax f i

relax next step

F (1.5,2.5) −3.5 create subproblems
F with x2 ≥ 3 infeasible infeasible discard
F with x2 ≤ 2 (0.75,2) −3.25 create subproblems
F with x2 ≤ 2, x1 ≥ 1 (1,2) −3 update U
F with x2 ≤ 2, x1 ≤ 0 (0,1.5) −3 discard

In conclusion, f ∗ = −3 and (x∗
1, x

∗
2) = (1, 2). ■

Additional Comments on Branch-and-Bound

• The order of selecting Fi from A is unspecified. Possibilities are breadth-first search
or depth-first search with respect to a tree containing these subproblems.

NOTE: Subproblems of a problem become children in this tree.

• The running time depends on whether we can find a good integer solution early. If
we can find a small fbest early, lots of subproblems can be ignored.

• For a large problem, the computer may run out of memory to store the set A of
active subproblems, leading to no exact solution. In such cases, xbest may be used
as an approximated solution.
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Example 2 : Consider the following optimization problem.

maximize 2x1 + x2

subject to − 2x1 − 2x2 ≤ −1

2x1 + 2x2 ≤ 5

− x1 + 2x2 ≤ 2

2x1 ≤ 3

x1, x2 ∈ Z+

(a) Draw the feasible set. By inspection, find the optimal solution x∗ and its cost f ∗.

(b) By inspection, find the optimal solution xrelax and its cost frelax from relaxation.

(c) Solve the problem by branch-and-bound. Solve each subproblem by inspection.

Solution:

(a) The feasible set contains (1, 0), (0, 1), and (1, 1), yielding x∗ = (1, 1) and f ∗ = −3.
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(b) The feasible set of the relaxed problem is the shaded region. By inspection, xrelax =
(1.5, 1) and frelax = −4.

(c) By inspection of the relaxed problem, iteration 1 finds the optimal solution (x1, x2) =
(1.5, 1) together with additional constraints x1 ≥ 2 and x1 ≤ 1, yielding subprob-
lems 1 and 2.

Since the additional constraint x1 ≥ 2 makes the problem infeasible, subproblem 1
need not be considered further.

For subproblem 2 with the additional constraint x1 ≤ 1, the optimal solution from
relaxation is (x1, x2) = (1, 1.5) together with additional constraints x2 ≥ 2 and
x2 ≤ 1, yielding subproblems 3 and 4.

Since the additional constraint x2 ≥ 2 makes the problem infeasible, subproblem 3
need not be considered further.

For subproblem 4 with the additional constraint x2 ≤ 1, the optimal solution from
relaxation is (x1, x2) = (1, 1). Since this optimal solution is an integer point, fbest
and xbest are updated to −3 and (1, 1) respectively.

Since there is no unsolved subproblem left, in conclusion, the optimal solution is
x∗ = xbest = (1, 1) with the optimal cost f ∗ = fbest = −3. ■
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