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Joseph Fourier∗

Fourier Series

*Photo from http:www.uh.eduenginesepi186.htm
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Periodic Functions

.
Definition (Periodic Function)
..

......

A function f (x) is periodic function with period p if

f (x+p) = f (x), for all x. (1)

Note that the definition in (1) implies that f (x) has also period 2p since,

f (x+2p) = f (x+p+p) = f ((x+p)+p) = f (x+p) = f (x).

The two last equalities come from (1). In fact, (1) implies that

f (x+np) = f (x),

for n =±1,±2, . . ..
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Periodic Function

.
Example FS-1: Given f (x) in the figure below, what is the period of
f (x)
..

......

Figure 1: Triangular function f (x) in Example FS-1

f (x = 0) = f (x = 6) = f (x = 0+6)

= f (x = 12) = f (x = 0+2 ·6)
= f (x =−12) = f (x = 0+−2 ·6)

Hence, the period of f (x) is 6.
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Periodic Function
.
Example FS-2: sin(x) and cos(x)
..

......

−2\pi −\pi 0 \pi 2\pi
−1.5

−1

−0.5

0

0.5

1

1.5

x

si
n(

x)

P = 2π

−2\pi −\pi 0 \pi 2\pi
−1.5

−1

−0.5

0

0.5

1

1.5

x

co
s(

x)

P = 2π

Figure 2: Sine and cosine function for −π ≤ x ≤ π
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Periodic Function

.
Example FS-3: Non-periodic functions
..

......

f (x) = x

f (x) = x2

f (x) = x3

f (x) = log(x)
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Fourier Series

Fourier series of f (x) is the representation of f (x) in term of the summation of
basic functions which are trigonometric functions.
.
Definition (Fourier Series)
..

......

Given function f (x). Fourier seris of f (x) is

f (x) = a0 +
∞

∑
n=1

[
an cos

(nπx
L

)
+bn sin

(nπx
L

)]
, L = P/2 (2)

where

a0 =
1

2L

∫ L

−L
f (x) dx (3)

an =
1
L

∫ L

−L
f (x) cos

(nπx
L

)
dx, n = 1,2, . . . (4)

bn =
1
L

∫ L

−L
f (x) sin

(nπx
L

)
dx, n = 1,2, . . . (5)
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Fourier Series
.
Example FS-3: Find Fourier series of the following function f (x)
..

......

f (x) =
{

−k ,π < x < 0
k ,0 < x < π. and f (x+2π) = f (x).

−3\pi −2\pi −\pi 0 \pi 2\pi 3\pi

−k

k

−k

x

f(
x)

Figure 3: Square function f (x) in Example FS-3

f (x) is periodic function with period P = 2π ⇒ L = π .
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Fourier Series
.

......

Compute a0.

a0 =
1

2L

∫ L

−L
f (x)dx

=
1

2(π)

∫ π

−π
f (x)dx =

1
2(π)

[∫ 0

−π
(−k)dx+

∫ π

0
(k)dx

]
=

1
2π

[−k(0− (−π)+ k(π −0)]

=
1

2π
[−kπ + kπ] = 0

Compute an

an =
1
L

∫ L

−L
f (x)cos(

nπx
L

)dx =
1
π

∫ π

−π
f (x)cos(

nπx
π

)dx
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Fourier Series

.

......

an =
1
π

[∫ 0

−π
(−k)cos(nx)+

∫ π

0
(k)cos(nx)

]
=

1
π

[
(−k)

(
sin(nx)

n

)∣∣∣∣0
−π

+(k)
(

sin(nx)
n

)∣∣∣∣π
0

]

=
1
π

−k
n

 0︷ ︸︸ ︷
sin(0)−

0︷ ︸︸ ︷
sin(−nπ)

+
k
n

 0︷ ︸︸ ︷
sin(nπ)−

0︷ ︸︸ ︷
sin(0)


=

1
π
(0+0) = 0 ■
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Fourier Series
.

......

Compute bn

bn =
1
L

∫ L

−L
f (x)sin(

nπx
L

)dx =
1
π

∫ π

−π
f (x)sin(

nπx
π

)dx

=
1
π

[∫ 0

−π
(−k)sin(nx)+

∫ π

0
(k)sin(nx)

]
=

1
π

[
(−k)

(
−cos(nx)

n

)∣∣∣∣0
−π

+(k)
(
−cos(nx)

n

)∣∣∣∣π
0

]

=
1
π

−k
n

−
1︷ ︸︸ ︷

cos(0)+cos(−nπ)

+
k
n

−cos(nπ)+
1︷ ︸︸ ︷

cos(0)


Recall cos(θ) = cos(−θ),

=
2k
nπ

(1− cos(nπ)) ■
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Fourier Series

.

......

Fourier series of f (x) is

f (x) = a0 +
∞

∑
n=1

[
an cos

(nπx
L

)
+bn sin

(nπx
L

)]

=
∞

∑
n=1

bn︷ ︸︸ ︷
2k
nπ

(1− cos(nπ))sin(nx)

=
4k
π

(
sin(x)+

sin(3x)
3

+
sin(5x)

5
+ . . .

)
■ (6)

Note that for this example, when n is even number, bn is equal to 0. Hence,
its corresponding term vanishes from the summation.
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Fourier Series
.

......

 −2 −3/2  −1 −1/2   0  1/2   1  3/2   2 
−8

−6

−4

−2

 0

 2

 4

 6

 8

x (× π)

F
o

u
ri
e

r 
S

e
ri
e

s 
o

f 
f(

x)

f̂10(x)

f̂3(x)

f̂1(x)

f̂2(x)

Figure 4: Fourier series of f (x) in Example FS-3 results from (6) (given k = 6)

Note also that f̂n(x) in the above figure are the fourier series of f (x) when the
first n terms are used on (6).
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Fourier Series

.
Example FS-4: Find Fourier series of the u(x)
..

......

u(x) =
{

0 ,−L < x < 0
E sin(ωx) ,0 < x < L.

−3 −2 −1 0 1 2 3

0

E

x (× π / ω)

u
(x

)

Figure 5: Function u(x) in Example FS-4 (given L = 1)
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Fourier Series
.

......

u(x) is periodic function with period P = 2L = 2π
ω ⇒ L = π

ω .

Compute a0.

a0 =
1

2L

∫ L

−L
f (x)dx

=
1

2(π/ω)

∫ π
ω

− π
ω

f (x)dx =
ω
2π

[∫ π
ω

0
E sin(ωx)dx

]
=

ω
2π

[
−E sin(ωx)

ω

]∣∣∣∣ π
ω

0
=− E

2π
(cos(π)− cos(0))

=
E
π

■

Compute an

an =
1

π/ω

∫ π
ω

− π
ω

f (x)cos
(

nπx
π/ω

)
dx
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Fourier Series
.

......

an =
ω
π

∫ π
ω

0
E sin(ωx)cos(nωx)dx

=
ωE
π

∫ π
ω

0

[
sin[(1+n)ωx]

2
+

[(1−n)ωx]
2

]
dx

=
ωE
2π

(
−cos[(1+n)ωx]

(1+n)ω

∣∣∣∣ π
ω

0
+

−cos[(1−n)ωx]
(1−n)ω

∣∣∣∣ π
ω

0

)

=
ωE
2π

[
1

(1+n)ω
(−cos[(1+n)π]+ cos(0))

+
1

(1−n)ω
(−cos[(1−n)π]+ cos(0))

]
=

ωE
2π

[
1− cos[(1+n)π]

1+n
+

1− cos[(1−n)π]
1−n

]
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Fourier Series

.

......

Hence,

an =

{
0, n odd

2E
π(1+n)(1−n) , n even. ■

Compute bn

bn =
1

π/ω

∫ π
ω

− π
ω

f (x)sin
(

nπx
π/ω

)
dx

=
ω
π

∫ π
ω

0
E sin(ωx)sin(nωx)dx

=
ωE
π

∫ π
ω

0

[
cos[(1−n)ωx]

2
− [(1+n)ωx]

2

]
dx
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Fourier Series

.

......

bn =
ωE
2π

(
sin[(1−n)ωx]

(1−n)ω

∣∣∣∣ π
ω

0
− sin[(1+n)ωx]

(1+n)ω

∣∣∣∣ π
ω

0

)

=
ωE
2π

[
1

(1−n)ω
(sin[(1−n)π]+ sin(0))

− 1
(1+n)ω

(sin[(1+n)π]− sin(0))
]

=
ωE
2π

[
sin[(1−n)π]

1−n
− sin[(1+n)π]

1+n

]
Notice that bn = 0 for all n, except for n = 1. When n = 1, use L’Hospitals’
rule, we get

b1 =
ωE
2π

(
cos[(1−n)π](−π)

−1

)
=

E
2

■
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Fourier Series

.

......

Fourier series of f (x) is

u(x) = a0 +
∞

∑
n=1

[
an cos

(nπx
L

)
+bn sin

(nπx
L

)]
(7)

=
E
π︸︷︷︸
a0

+
E
2︸︷︷︸
b1

sin(ωx)+
∞

∑
n=1

2E
π(1−n2)︸ ︷︷ ︸

an

cos(nωx) (8)

=
E
π
+

E
2

sin(ωx)− 2E
3π

cos(2ωx)− 2E
15π

cos(3ωx)− . . . ■ (9)
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Fourier Series
.

......

 −2 −3/2  −1 −1/2   0  1/2   1  3/2   2 
−8
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−2

 0
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x (× π)
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f 
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f̂10(x)
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f̂1(x)

f̂2(x)

Figure 6: Fourier series of u(x) in Example FS-4 (given L = 1)

Note that ûn(x) in the above figure are the fourier series of u(x) when the first
n terms are used on (9).
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Fourier Series
.
Theorem (Sum and Scalar Multiple)
..

......

The Fourier coefficients of a sum of f1(x) and f2(x) are the sums of the
corresponding Fourier coeffcients of f1(x) and f2(x)

The Fourier coefficients of cf(x) are c times the corresponding Fourier
coeffcients of f (x).

In conclusion, given that

a(1)0 , {a(1)n ,b(1)n }∞
n=1 are Fourier coefficients of f1(x)

a(2)0 , {a(2)n ,b(2)n }∞
n=1 are Fourier coefficients of f2(x).

If f3(x) = pf1(x) + qf2(x), where p and q are scalar, then from the theorem
above, the Fourier coefficients of f3(x) are as follow.

a(3)0 = pa(1)0 +qa(2)0

a(3)n = pa(1)n +qa(2)n

b(3)n = pb(1)n +qb(2)n
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Application of Fourier Series: Force Response of Periodic
Function
.
Force response of periodic function in RL-circuit
..

......

Given RL circuit in the Figure (a) and the source v(t) is the periodic signal as
shown in Fig. (b). Find the forced response i(t).

Figure 7: (a) Given RL circuit (b) source waveform v(t)
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Application of Fourier Series: Force Response of Periodic
Function
.

......

As we already do the similar example earlier, the Fourier representation of v(t)
is as follow.

v(t) =
16
π

(
sin(πt)+

sin(3πt)
3

+
sin(5πt)

5
+ . . .

)
=

16
π

∞

∑
n=1

sin[(2n−1)πt]
2n−1

=
∞

∑
n=1

vn(t) (10)

We can see that each Fourier component of v(t) is the sinusoidal signal. Hence,
we can apply the idea of Phasor [2] to find the force response i(t). From (10),
the (2n−1)th harmonic of v(t) is

vn(t) =
16
π

(
sin[(2n−1)πt]

2n−1

)
,

with frequency ωn = (2n−1)π rad/s.
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Application of Fourier Series: Force Response of Periodic
Function
.

......

Then, the phasor voltage of vn(t) is

Vn =
16

(2n−1)π
0◦

and the total impedance in the circuit is

Z(jωn) = 6+ jωnL = 6+ j((2n−1)π)2

= 2
√

9+π2(2n−1)2 tan−1
(
(2n−1)π

3

)
Thus, the phasor of (2n−1)th harmonic of i(t) can be computed by

In =
Vn

Z(jωn)

=
8

(2n−1)π
√

9+π2(2n−1)2
− tan−1

(
(2n−1)π

3

)
WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 31 / 225



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Application of Fourier Series: Force Response of Periodic
Function

.

......

In time-domain, (2n−1)th harmonic of i(t) is

in(t) = |In|sin(ωnt−ϕn),

where |In|= 8
(2n−1)π

√
9+π2(2n−1)2

and ϕn = tan−1
(
(2n−1)π

3

)
.

Finally, by superposition principle, the force response i(t) can be computed by

i(t) =
∞

∑
n=1

in(t) =
∞

∑
n=1

|In|sin(ωnt−ϕn) ■
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Application of Fourier Series: Average Power of Periodic
Signal

.
Average Power of Periodic Signal
..

......

Refer to the RL circuit in previous example, we already know the input voltage
v(t) and the terminal current i(t) are

v(t) =
16
π

∞

∑
n=1

sin[(2n−1)πt]
2n−1

V. (11)

i(t) =
∞

∑
n=1

|In|sin(ωnt−ϕn) A, (12)

where |In|= 8
(2n−1)π

√
9+π2(2n−1)2

and ϕn = tan−1
[
(2n−1)π

3

]
. To compute aver-

age power the source delivers to the circuit, we have to deal with the product
of two Fourier series. This may be complicated.
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Application of Fourier Series: Average Power of Periodic
Signal
.

......

Pave =
1
T

∫ T

0
v(t)i(t)dt =

16
πT

∫ T

0

∞

∑
n=1

∞

∑
m=1

Im|
sin[(2n−1)πt]

2n−1
|sin(ωmt−ϕm)dt

However, it is simple than that. Suppose that we have two Fourier series in the
following form.

f = Adc +
∞

∑
n=1

An cos(nω0t+ϕn)

g = Bdc +
∞

∑
m=1

Bm cos(mω0t+θm)

Then, using the properties of the integrals of sinusoidal functions [2], it can be
shown that

1
T

∫ T

0
fg dt = AdcBdc +

∞

∑
n=1

AnBn

2
cos(ϕn −θn).
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Application of Fourier Series: Average Power of Periodic
Signal

.

......

Thus, by letting f = v, g = i, Adc = Vdc, An = Vn, Bdc = Idc, and Bn = In, the
average power is given by

Pave =
1
T

∫ T

0
v(t)i(t)dt = VdcIdc +

∞

∑
n=1

VnIn

2
cos(ϕn −θn). (13)

Note that the above formula is valid only when v and i are function of cosine.
Now, we are ready to compute average power of RL circuits in previous ex-
ample. Sine terms of v(t) and i(t) in (12) may be converted to cosine terms by
subtracting π/2 from their phase angles. Since by using (13), both v(t) and i(t)
need to do the same operation, π/2 will be canceled out. Hence, substituting
(12) into (13), the average power is simply computed as
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Application of Fourier Series: Average Power of Periodic
Signal

.

......

Pave =
∞

∑
n=1

16
2(2n−1)π

[
8

(2n−1)π
√

9+π2(2n−1)2

]
cos
[

tan−1 (2n−1)π
3

]
=

192
π

∞

∑
n=1

1
(2n−1)2[9+π2(2n−1)2]

W ■.

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 36 / 225



.....
.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
....

.
....

.
.....

.
....

.
.....

.
....

.
....

.

Summary

Fourier series is commonly used in analysis of periodic functions or sig-
nals.

Fourier series is computed from (2)-(5).

Generally speaking, Fourier series is another way to represent periodic
function in term of the summation of sine and cosine functions at various
harmonics frequencies of that function.

The more terms used in Fourier series, the more closer of series to the
original function.

To be able to compute Fourier series, good knowledge of integral of sinu-
soidal function is required.

Fourier series will be really helpful in various applications, more specifi-
cally the applications that related to periodic phenomena involving differ-
ential equations. For example, RLC circuit with periodic excitation and
mechanical vibration problems.
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Exercises (Fourier Series)

In Exercise 1-4, given periodic function f (x), do the following 1) sketch f (x),
2) find period of f (x) and, 3) calculate its Fourier series (a0,an, and bn and also
Eq.(2))

Exer 1. f (x) = x2 for −1 ≤ x ≤ 1,

f (x+2) = f (x)

Exer 2. f (x) =
{

0 ,−2 < x < 0
x ,0 < x < 2,

and f (x+4) = f (x).

Exer 3. f (x) is given as the following figure.
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Exercises (Fourier Series)

Exer 4. f (x) =
{

−x ,−π < x < 0
x ,0 < x < π, and f (x+2π) = f (x).

Exer 5. Given f (x) = x for − π
2 ≤ x ≤ π

2 ,

f (x+π) = f (x).

Find period of f (x) and calculate Fourier series of f (x).

Exer 6. Use result in Exer 5. to plot Fourier series using graphical
software tool, i.e., Microsoft Excel. Do the following 3 cases.

(a) Use n = 1
(b) Use n = 1,2, and 3
(c) Use n = 1,2,3,4, and 5

Observe that when n increases, how Fourier series gets closer
to function f (x).
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