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Periodic Functions

Definition (Periodic Function)

A function f(x) is periodic function with period p if

fx+p) =1fx), for all x. (1)

Note that the definition in (1) implies that f(x) has also period 2p since,
fx+2p) =f(x+p+p) =f((x+p)+p) =flx+p) =f(x).
The two last equalities come from (1). In fact, (1) implies that
fx+np) =f(x),

forn==+1,£2,....
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Periodic Function

Example FS-1: Given f(x) in the figure below, what is the period of

S

-14 -10 -8 4 2 | 2 4 8 10 14

Figure 1: Triangular function f(x) in Example FS-1

fx=0)=f(x=6)=f(x=0+6)
=f(x=12)=f(x=0+2-6)
=f(x=-12)=f(x=0+-2-6)

Hence, the period of f(x) is 6.
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Periodic Function
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Figure 2: Sine and cosine function for —7x <x <7
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Periodic Function

Example FS-3: Non-periodic functions
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Fourier Series

Fourier series of f(x) is the representation of f(x) in term of the summation of

basic functions which are trigonometric functions.

Definition (Fourier Series)

Given function f(x). Fourier seris of f(x) is

f(x)=ao+ i [ancos (?) + by sin (”Lﬂﬂ? L=P/2
n=1

where

w=rr [ 109
an:%/LLf(x) cos <n—zx)dx, n

by = %/_LLf(x) sin (”Lﬂ) dx, n

1,2,...

1,2,...

2

3

“

&)
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Fourier Series

Example FS-3: Find Fourier series of the following function f(x)

{ —k r<x<0

' 0<x<r and f(x+27) = f(x).

f(x)

-k

. . . .
-3\pi ~2\pi “\pi 0 \pi 2\pi 3\pi

Figure 3: Square function f(x) in Example FS-3

@ f(x) is periodic function with period P =27 = L = .
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Fourier Series

o Compute ay.
1 L
ap = 2—L/_Lf(x)dx
1 T

— 5 / Fd = ﬁ [ / Oﬂ(—k)dx+ /O n(k)dx]
1

= 57 [7KO0= (=) +k(z —0)]
= o[kt ka] =0
e Compute a,
1 L 1 (=
a, = Z/_Lf(x) cos(nTM)dx: = _ﬂf(x) cos(%)dx
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Fourier Series

el e )J

a, = % :/On(—k) cos(nx) —i—/ﬂ(k) cos(nx)]
1
T

n
r 0
1| -k [——
=—|— s1n(0)—sm sm ) —sin( )
T|n
o
=—(04+0)=0 W
T
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Fourier Series

o Compute b,

1 L
by = Z/_Lf(x) sin("7

.

.
:% _(—k) (M)

nmwx

(—k)sin(nx) + /Oﬂ(k) sin(nx)}

n

1
—~N
—cos(0) +cos(—nm)

Recall cos(6) = cos(—0),

2k

%(1 —cos(nm)) A

oﬂ+<k> (

k
+ —
n

M)

) — % [ 7; F(0)sin("™ e

y
—
—cos(nm) +cos(0)
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Fourier Series

@ Fourier series of f(x) is

= 2 [ancos( x) + b, sin (?)}

by
_y 2k(l —cos(nm)) sin(nx)
n=1 T
4k sin(3x) = sin(5x)
—n_<s1()+ o), o +) B ©

Note that for this example, when 7 is even number, b,, is equal to 0. Hence,
its corresponding term vanishes from the summation.
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Fourier Series

o N

Fourier Series of f(x)
|
N

) 3l = 12 0 /2 1 302 2
Figure 4: Fourier series of f(x) in Example FS-3 results from (6) (given k = 6)

Note also that £, (x) in the above figure are the fourier series of f(x) when the
first n terms are used on (6).

v
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Fourier Series

Example FS-4: Find Fourier series of the u(x)

u(x)_{o ,—L<x<0

Esin(wx) ,0<x<L.

>

ANEVA

u(x)

| |
-3 -2 -1 0
X (x Tt/ w)

Figure 5: Function u(x) in Example FS-4 (given L = 1)
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Fourier Series

@ u(x) is periodic function with period P = 2L
o Compute ag.

= 2L/f ,,
(n/w) ® ) %[/0 wEsin(a)x)dx]

_r
o

(0]
21
E
n

_ 2 _z
—w:>L—w.

i
%)

E
= (cos() — cos(0))

0

o Compute a,

1 o nwx
a, = 71:/_(1) /_gf(X) COS (ﬂ,‘/—())) dx
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Fourier Series

O [o
an = — / Esin(ox) cos(nwx)dx
0

T

OE [o [sin[(l1+n)ox] [(1—n)ox]
= 7/0 |: ) + > :| dx
_ @E [ —cos[(1+n)ox]|®  —cos[(1—n)ox]|
Nz (I+nmo |, (I-nmo |,
_ ‘;’—f [m(—cos[(l 4 n)7] + cos(0))
+m (= cos[(1 — n)7] +cos(0))]
WE [1—cos|[(l+n)x] 1—-cos[(1—n)n]
T m { l+n * 1—n ]
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Fourier Series

Hence,

o Compute b,

1 @ . [ nmx
bn = 7'[,'/_()) /_g)f(X) N (71:/—0)> dx

o (o
= / Esin(wx) sin(nwx)dx
0

_ a)?E/OZ [cos[(l ;n)a)x] B [(l—i-;)a)x]] iy
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Fourier Series

n
®
O)

_m (sin[(1 +n)m] — sin(O))}

_ 0E [sin[(1—n)7] sin[(1-|-n)71:]]
2r | 1-n 1+n

o ~ sin[(1+n)wx]
0 (I+n)o

- OE [ sin[(1 —n)wx]
" ox ( (1-nw
_ (;)_5 m (sin[(1 —n)x] +sin(0))

Notice that b,, = 0 for all n, except for n = 1. When n = 1, use L’Hospitals’

rule, we get ( [ 7] )
oE (cos[(1 —n)x|(—m) _E n
2

Y 3 —1
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Fourier Series

@ Fourier series of f(x) is
= nmwx nwx
_ P + busin (M2 7
u(x) ao—i—’;[ancos( 7 )—}- nsin { — (7
E E = 2F
= E =+ E Sin((DX) + Zl mCOS(I’lw.X) (8)
< =~ =1
ao b ap
E E 2F 2F
= + > sin(wx) — ﬁcos(wa) - ﬁcos@a)x) —... B9
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Fourier Series

o N

Fourier Series of f(x)
|
N

T a0 e 0 12 1 302 2
Figure 6: Fourier series of u(x) in Example FS-4 (given L = 1)

Note that i, (x) in the above figure are the fourier series of u(x) when the first
n terms are used on (9).

v
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Fourier Series

Theorem (Sum and Scalar Multiple)

@ The Fourier coefficients of a sum of fi(x) and f>(x) are the sums of the
corresponding Fourier coeffcients of fi (x) and f>(x)

@ The Fourier coefficients of cf(x) are c times the corresponding Fourier

coeffcients of f (x).

In conclusion, given that

a(()l), {a,g]),b,gl) ~_, are Fourier coefficients of fi (x)
a(()z), {aﬁ,z),b,ﬁz)};;l are Fourier coefficients of f>(x).
If f3(x) = pfi(x) + gf2(x), where p and g are scalar, then from the theorem

above, the Fourier coefficients of f3(x) are as follow.
3 1 2

a(() ) :pa(())-i-qa(())

ol = pal? + gl?

by = pbl)) + g
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Application of Fourier Series: Force Response of Periodic
Function

Force response of periodic function in RL-circuit

Given RL circuit in the Figure (a) and the source v(¢) is the periodic signal as
shown in Fig. (b). Find the forced response i(z).
v(t)
2 H
4
w(t)
+
Q(t) 69 o[ =1 o 1 2[ 3 ¢
—TL — 4
(a) (0)

WISARN PATCHOO (B k University) IE 221: Engineering Mathematics



Application of Fourier Series: Force Response of Periodic

Function

As we already do the similar example earlier, the Fourier representation of v(7)
is as follow.

W(r) = 16 <sin(7rt) N sin(337rt) N sin(557'ct) L )

T
16 & sin[(2n— 1)) &
:?; 2n—1 ZV" &

We can see that each Fourier component of v(¢) is the sinusoidal signal. Hence,
we can apply the idea of Phasor [2] to find the force response i(¢). From (10),
the (27 — 1)™ harmonic of v(¢) is

(=16 <sin[(2n - 1)m]> |

T 2n—1

with frequency @, = (2n— 1)7 rad/s.
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Application of Fourier Series: Force Response of Periodic

Function

Then, the phasor voltage of v,(7) is
16
2n—1)rm
and the total impedance in the circuit is
Z(jow,) =6+jo,L=6+j((2n—1)7)2

=24/9+7m2(2n— l)z/tan_1 (@)

Thus, the phasor of (22 — 1) harmonic of i(f) can be computed by

= —n
" Z(jon)

(2n—1 7r\/9+7'L'2 2n—1)2 /

V.= ﬁ

tan~ 2}’1—1 )
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Application of Fourier Series: Force Response of Periodic

Function

In time-domain, (27 — 1)” harmonic of i(¢) is

in(1) = |Lu| sin(@nt — 9),

. 8 o —1 (2n—1)7r)
where |I,| = IRy o e and ¢, = tan (—3 .

Finally, by superposition principle, the force response () can be computed by

i)=Y i)=Y Llsin(@,—¢,) M
n=1 n=1
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Application of Fourier Series: Average Power of Periodic
Signal

Average Power of Periodic Signal

Refer to the RL circuit in previous example, we already know the input voltage
v(t) and the terminal current i(¢) are

~—

16 ¢ sin[(2n —1)mt]
i V. 11
b4 ; 2n—1 (1D
i(1) =Y [Ly|sin(@,t — ¢,) A, (12)
n=1
_ 8 _ -1 (2n—1)71:] _
where |I,| YT ;e and ¢, = tan [—3 . To compute aver

age power the source delivers to the circuit, we have to deal with the product
of two Fourier series. This may be complicated.

v
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Application of Fourier Series: Average Power of Periodic

Signal

P = %/OTV(I / Z i m|s1n[ ) ]‘Sm((ﬂmt—(bm)

n=1m=1

However, it is simple than that. Suppose that we have two Fourier series in the
following form.

f =Agc+ Z Ay COS(n(Oot—i— (Pn)

n=1
g=By + Z By, cos(mayt + 6,,)
m=1

Then, using the properties of the integrals of sinusoidal functions [2], it can be
shown that

/fgdt Achdc+Z = cos(@, — 6,).
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Application of Fourier Series: Average Power of Periodic

Signal

Thus, by letting f = v, g =i, Age = Ve, Ay = Vi, Bae = Iy, and B, = I,, the
average power is given by

(¢ — 6,). (13)

ave T / dt Vdcldc + Z

Note that the above formula is valid only when v and i are function of cosine.
Now, we are ready to compute average power of RL circuits in previous ex-
ample. Sine terms of v(¢) and i(7) in (12) may be converted to cosine terms by
subtracting 7r/2 from their phase angles. Since by using (13), both v(¢) and i()
need to do the same operation, 7r/2 will be canceled out. Hence, substituting
(12) into (13), the average power is simply computed as

v
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Application of Fourier Series: Average Power of Periodic

Signal

i

= 2n—1 (2n—1)m\/9+n2(2n—1)2 3
- 1

L/ |
Z (2n—1)2[9+7m%(2n—1)?]

n:1

S

8 ] cos [tanl M}

,—
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@ Fourier series is commonly used in analysis of periodic functions or sig-
nals.

@ Fourier series is computed from (2)-(5).

@ Generally speaking, Fourier series is another way to represent periodic
function in term of the summation of sine and cosine functions at various
harmonics frequencies of that function.

@ The more terms used in Fourier series, the more closer of series to the
original function.

@ To be able to compute Fourier series, good knowledge of integral of sinu-
soidal function is required.

@ Fourier series will be really helpful in various applications, more specifi-
cally the applications that related to periodic phenomena involving differ-
ential equations. For example, RLC circuit with periodic excitation and
mechanical vibration problems.
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Exercises (Fourier Series)

In Exercise 1-4, given periodic function f(x), do the following 1) sketch f(x),
2) find period of f(x) and, 3) calculate its Fourier series (ag,a,, and b, and also
Eq.(2))

Exer 1. f(x)=x* for —1<x<I,
fx+2)=f(x)

Exer2. f(x) =

{0 220 Feb4) = Fx).

x ,0<x<2,

Exer 3. f(x) is given as the following figure.

I (@)
1
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Exercises (Fourier Series)

Exer 4.

Exer 5.

Exer 6.

—x ,—n<x<0

. O<xr<r and f(x+27) = f(x).

0=

Given f(x)=x for —7<x<

flet 1) =f(x).

Find period of f(x) and calculate Fourier series of f(x).

)

(SIS}

Use result in Exer 5. to plot Fourier series using graphical

software tool, i.e., Microsoft Excel. Do the following 3 cases.

(a) Usen=1
(b) Usen=1,2, and 3
(c) Usen=1,2,3,4, and 5
Observe that when #n increases, how Fourier series gets closer

to function f(x).
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