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Fourier Integral

@ Fourier series is an important tool for solving problems relating with pe-
riodic functions/signals.

@ However, many mathematical problems involve with non-periodic func-
tions/signals.

@ The idea of Fourier series can be extended to be used for non-periodic
functions/signals. Then, it is called Fourier Integral. This can be demon-
strated from the following example.

Example FI-1: f; (x) is Rectangular wave with period L.

0, - L<x<-—1
filx)=< 1, —1l<x<1
0, I1<x<L.

= f1.(x) has a period (P) = 2L
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Fourier Integral

We already know that

1 ! 1
a0 =5r / dx = —
2 sin(nmw/L
an L/ cos(nmx/L)dx L%
b, = 0 (because f1,(x) is even function)

The sequence of Fourier coefficients, which in this case is a,, is called am-
plitude spectrum. If we plot graph of a, by setting x-axis as @, = nm/L and
y-axis as the value of a,,, forn =1,2,.... Then, we get the plot as figure below.

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 4217225



Fourier Integral

Waveform £, L(x)

Amplitude spectrum a, ()
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Figure 1: Rectangular waveform for various values of L in Example FI-1
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Fourier Integral

As you can see, when L increases, amplitude spectrum is getting more closer.
If L — oo, amplitude spectrum becomes continuous function and also f7 (x)
becomes non-periodic function. Hence, we already have Fourier series of non-
periodic function by taking L — co. Fourier series of non-periodic function is
called ’Fourier Integral”.

v

Definition (Fourier Integral)

Given non-periodic function f(x), its Fourier integral is obtained from the
following formula

Flx) = /O " [A(®) cos(@x) + B() sin(0x)] do (14)

where

Alw) = % [ f(v)eos(@v)av, B(w)= % 1 “fW)sin(@v)ay  (15)

V.
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Fourier Integral

*** See the how the Fourier integral formula is derived from Fourier series
when L — oo in [1].

Example: FI-2 Find Fourier integral of the following rectangular

function f(x)

f(z)

1L x| <1
z fL(x)—{ 0, (x> 1.

Figure 2: Rectangular function consider-
ing in Example FI-2.
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Fourier Integral

= %/:Of(v)cos(wv = / )cos(Vv)d
sin(ov) |" I :

= —or = on (sin(w) — sin(—w))
_ 2sin(w)
Y

B(w) = % / () sin(@v)dv = % / ll(l)sin((ov)dv
— _%cosi}a)v) 1 = —— (cos(w) — cos(—m))
=0.
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Fourier Integral

Hence, Fourier integral of f(x) is

A — / 2510(0) osov)do ®
0 T

Similar to Fourier series which we can consider only some partial terms of

the summation, for Fourier integral, if we want to consider only some parts of

the Fourier integral, we replace oo in the upper limit with some constant a and

denote the result of the integration by f(x), i.e.,

f) ) = [ 20)

-cos(@x)dw
0 (0¥

The results of the Fourier integral for various value of a are shown in the fol-
lowing figure.
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Fourier Integral
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Fourier Transform

Ask yourself !!!

o What difference between Fourier series and Fourier integral?

In this section, we will introduce another one of the most important transfor-
mation generally used in the engineering problems, called Fourier Transform.
The Fourier transform can be derived from Fourier integral as follow.

Derviation of Fourier transform

Consider Fourier integral of £(x)
Flx) = /0 " [A() cos(@x) + B(®) sin(ox)] do (16)
where
Al®) = % | rveos(oviav, Blw)= % [ swsinviav a7

v
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Fourier Transform

Substitute A(®) and B(w) into (16).

flx)= %/Ow/_if(v)[cos(a)v)cos(wx)i sin(@v) sin(wx)|dvdo

cos(@wv—x)

= %/Ow [/Zf(v)cos(wv — a)x)dv] dw (18)

~~

let’s call F(w)

Notice that F(®) in (18) is even function so that [;° F(@)dw = § [* F(w)do.
Hence, from (18).

flx) = %/_i [/wf(v)cos((ox— a)v)dv} do (19)

—o0
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Fourier Transform

Also, observe that

i/w [/wf(v) sin(@x — a)v)dv] dw =0, (20)

27 J—oo | S =0
since the value in [...] is odd function. Thus, [~_[...]Jd® = 0. Recall that
e™ = cos(x) +isin(x), i=+—1. 21)
Now, from (20), without any effects we can add (20) to (19) as follow.
flx)= / [/ f(v)cos(wx— a)v)dv] do
2n
+L/ [/ f(v)sin(@x — wv)dv] do (22)

27 s

v
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Fourier Transform

Using (21), (22) reduces to
_ L Y io(x—V)
flx)= 2ﬂ/_w/_wf(v)e dvdo

1 < 1 o : .
— \/T_n/—oo [\/?T /_wf(v)e"""dv} edo, (23)

f()

where f(®) is defined as Fourier transform of £ (x).
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Fourier Transform

Definition (Fourier Transfrom and Inverse Fourier Transform)

Given function f(x), the Fourier transform of f(x), denoted by f (x) is defined
by

fl)=— [ fx)e " ax (24)

Also, given f(x), function f(x) can be obtained back by taking inverse Fourier
transform of f(x) defined by

fx)=— /_ Z f(x)e® dew (25)

Notation: fx) <= f(o)

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 53/225



Fourier Transform

Example FT-1: Fourier transform of rectangular function

f(x)

a

F) = { a, ||x|| <K

x 0, otherwise.

—-K K

Figure 4: f(x) for Example FT-1
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Fourier Transform

Example FT-2: Fourier transform of exponential function

s e ™ x>0
0, otherwise,

x where a > 0.

0
Figure 5: f(x) for Example FT-2

fla)=—= ["ee

—lCO)C

—(a-’rl(t) dx

e

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 55/225



Fourier Transform
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Fourier Transform

f(x)7 X Z O f(a)) K
(x), x>0 F(w)
Lo+l <k 2 sin(bw)
T - 2
0, otherwise. T o e a>0 Eﬁ
1, b<x<c o~ ibo_p—cw . T —|0/d
l a2 5e
0, otherwise. ioV2r 1+a°+x2 \E 1
—ax .
o vz 0az0 ! ez 00 V27(atwi)?
i 27 (a+io ) B
0, otherwise. (a+io) xe.a > 0. < 0 m
e, b<x<c pla—iw)e _ ,(a—iw)b \/; ol
T 2rlatio) i a /%, |ol<a
0,  otherwise. 2n(a+iw) Slﬂxx)
2 2 0, otherwise.
—ax 1 _,—w"/4a
€ ——e
V2a

Table-1: The Fourier transform f(®) of some common functions f (x)
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Physical Interpretation of Fourier Transform: Spectrum

o (w) is called ”’Spectral Density”. Think of the superposition of all pos-
sible frequencies of sinusoidal functions, f () tells us the intensity of
frequency interval between @ and ® + Aw, where Aw is very small and
fixed, that f(x) is composed of. In other word, f(®) tells us that in order
to generate function or signal f(x) by summing of all possible frequencies
of sinusoidal functions, how large (intensity) of the sinusoidal functions
at frequency interval between @ and @ + Aw should be.

o f(®) is also called ”Amplitude Spectrum” similar to what Fourier series
coefficients are called. However, as we will see, the amplitude spectrum
obtained from Fourier series coefficients are discrete where only the fre-
quencies multiple of /L are exist while amplitude spectrum obtained
from Fourier transform is continuous where all frequencies are possible
to exist.
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Fourier Transform

@ Since usually f () is complex-valued, it might be more convenient to use
the magnitude and phase of f(®) instead.

F(@) = [F(@)le "),

where |f(®)| and ®( ) are called Magnitude Spectrum and Phase Spec-
trum, respectively.
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Fourier Transform

Example FT-3: Compute magnitude spectrum of the following

function

e ™ x>0
0, otherwise,

From previous example, we already know that

A 1
HO) = omario)

Then, magnitude spectrum can be found as follow.

f((o)— 1 ><a—ia)_ a—im
V2n(a+io) a—i®0 /27w (a®+ »?)
1 a ()

o a2+w2+la2+w2
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Fourier Transform

Hence,

@)l
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Some Properties of Fourier Transform

Theorem (Linearity of Fourier Transform)

For any functions f(x) and g(x) whose Fourier transform exist and any
constant a and b, it can be shown that

F{af (x) +bg(x)} = aF{f(x)} +bF {g(x)}

Example FT-4: Fourier transform of the sum of rectangular functions

Denote the rectangular function as follow.

f(z)

a

a-rect (%)

K K 7

Figure 7: Fourier transform pair of rectangular function
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Some Properties of Fourier Transform

From previous example, we know that

Ztea(P) =7

Also,

x 2 sin(2o)
F t(—) = 2D
{rec 5 } - o
Then, using the linearity of Fourier transform, the Fourier transform of the
following functions can be computed as follow.

v
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Some Properties of Fourier Transform

h(x)

2
—I_l—l— — rect(%) + rect(%)
—2 2 7

Figure 8: Function A(x)

Therefore, the Fourier transform of A(x) is
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Some Properties of Fourier Transform

Theorem (Fourier Transform of Derivative)

Let f(x) be continuous function and f'(x) is absolutely integrable. Then,

F{f' ()} = i0F{f(x)}

2
X~

Find the Fourier transform of f(x) = xe™

Flre?) = F 5 (<37 ) =510 27

e
1 . 1 7(02/4
= ——i®-——e
2 V2
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Some Properties of Fourier Transform

Theorem (Convolution Theorem)

Suppose that f (x) and g(x) are piecewise continuous and absolutely
integrable. Then,

Ff g} = V2T {f(x)}F {s(x)}
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Inverse Fourier Transform

Given Fourier transform f (@), we can also find f(x) using (25).

Example FT-5: Find f(x) of the following f(®)

& I, -1<w<l1
)= { 0, otherwise.

/ la)xdw

1 1 eia)x
zwxdw _

/ 1 V21 ( ix )
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Application of Fourier Transform: Fourier Optics!

Fourier Optics

Old wavefront

From Physics, the basic of wave
propagation, i.e., wave on surface
water or light, the new wavefront can
be generated by combining point
sources located on the previous
wavefront as shown in the figure.

New wavefront

Figure 9: Illustration of new wavefront

IThis example is based on the lecture note on Fundamentals of Optics by Dr.Waleed
Soliman [3]
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Application of Fourier Transform: Fourier Optics

Source plane Observation
plane £(x)

f6) f
AN
I [

Figure 10: Source and Observation planes

Let’s focus on the light source. Suppose we transmit light source, denoted by
f(x'), through the very very small hole as in the figure. Based on the light
propagation properties, the light that we can observe at the observation plane,
denoted by g(x), can be expressed by

1 .
g(x) _ ;f(x/>efz(6t7kr)7 (26)
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Application of Fourier Transform: Fourier Optics

where, k = 2% called wave number and r = \/(x—x')2+z2. However, the
observation at point x should be a result due to all point sources from the source
plane. Then, the observation at point x can be represented as the integral form.

s =7 [ Hf)e O @)

Ignoring the fast varying time dependence term, e %', then, from (27)

A1 :
8@ =7 [ 2fW)eva, (28)

where A is some constant. Now, consider

r=4/(x—x)2+z22=z74/1+——
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Application of Fourier Transform: Fourier Optics

By using Taylor series expansion, we have

72 222 8z

- -/

2
Taylor expansion of 4/ 1+ %

In (29), ignoring the higher terms in Taylor expansion (higher than second
order), then (29) reduces to

—_y/ _ N2 VATt
=l 1+M:kz<l+(x Yy =X +> (29)

(x=x)

(x—x)?
272 '

2z &9)

kr:kz<l—|- >=kz+k

Substitute (30) into (28), we get
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Application of Fourier Transform: Fourier Optics

A [ et
= Ef(x’)e’(k”k( ) )dx' (when z >> (x—x'))
x/
A - eikz 1., l.k(xz—m’+x’2)
= —f()e™* = ax!
= 2@

; o2
A- etkz X eth _id? ikt
= —/f(x’)eTelex'
Zl X
When z is very large, k; ~ (. Also, since, k = A ~ and z are known, then

Aok ikx? el
g == [ f)e
Z)v X'

———
denoted as p(x)

€1y

721225
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Application of Fourier Transform: Fourier Optics

Let’s denote kx/z by ®,. Finally, we arrive at the final equation.

W= pl) - [fWe e m (32)
ey G —
unction of x

Fourier Transform of f(x’)

What we obtain from (32)? From (32), it tells us that if we transmit the light
source through a obstacle (think as a plate with some holes and let’s denote
the light pass through the obstacle by f(x') as in the explanation above),
then the light that we can observe at opposite plane (observation plane)
will be the scaled fourier transform of f(x') (scaling by factor p(x)). It
should exphasize that this statement will be true when z is large in general.
However, it is possible to use lens to reduce the value of z.

v
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Application of Fourier Transform: Power Spectral Density

(Communication system)3

The power spectral density (PSD) or power spectrum describes the distribu-
tion of power of WSS? random process X(¢) as a function of frequency. The

power spectrum of X(z), denoted by Sx(f), is the Fourier Transform of the
autocorrelation function, denoted by Rx(7), i.e.,

Sx(f) = 7 [Rx(7)]

Now, how PSD and autocorrelation are related with communication system.
One main application that PSD is significantly helped is the consideration of
required transmission bandwidth of the digitally modulated signals.

2wide-sense stationary

3This section may be omitted since it assumes the prior knowledge of random process [?]
and communication system [5]
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Application of Fourier Transform: Power Spectral Density

(Communication system)

We will calculate PSD of linearly modulated signals from three well-known
modulation technique, Binary Phase Shift Keying (BPSK), Quadrature Phase
Shift Keying (QPSK), and Offset Quadrature Phase-Shift Keying (OQPSK),
and another modulattion technique, called Minimum Phase-Shift Keying, which
provide better bandwidth efficiency over former three linear modulation tech-
niques. In general, the PSD of linearly modulated signal is computed from

complex envelope (or low pass equivalent) of such signal. The following cal-
culation is based on [8] and [1].

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics

(updated Sep, 2014) 751225



Application of Fourier Transform: Power Spectral Density

(Communication system)

Binary Phase Shift Keying (BPSK)

o Complex envelope of BPSK can be expressed as

W) = Y lgli—n),
n=0

where I, is information bit € {—1,1} and g(7) is rectangular puse shape

of width 7" and amplitude A.
o Fourier transform of rectangular pulse g(7) is

T . —jamfe | T 1 — o—i2mT
G(f) = / Ae Mgy = AL = A(—f —
0 —j27f |, J2nf
_ Ae_jn.fT e]ﬂfT — e_j”fT _ ATe_Jn.fT Sln(ﬂfT)
j2nf afT

(updated Sep, 2014) 76 /225
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Application of Fourier Transform: Power Spectral Density

(Communication system)

@ Autocorrelation function of information sequence, E [l 1y]

1, m=0

@ So, Fourier transform of E[l,,,,1,] is equal to

oo

Di(f) = Y Elluimla)e T = 1

m=0

o Finally, PSD of BPSK can be shown as (for BPSK T = Tb)

&u(f) = FIGHPR()

o 7
2. 8in7(fT)
= AT ppp W
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Application of Fourier Transform: Power Spectral Density
(Communication system)

Quadrature Phase Shift Keying (QPSK)

o Complex envelope of QPSK can be expressed similar to BPSK but with
complex value ay, instead.

W) = Y anglt—nT),

n=0

where a, = b, + jc,, bnand cn € {—1,1}, and g(¢) is rectangular puse
shape of width 7 and amplitude A.

@ So, G(f) for QPSK is the same as BPSK

G(f) = ATe ™ —SmngT )

(Note : T symbol period of QPSK is equal to 2Tb, Tb is bit period.)
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Application of Fourier Transform: Power Spectral Density

(Communication system)

@ Autocorrelation function of information sequence, E [l 1y]

E[an+ma*n] = E[(bn-‘rm +jcn+m) (bn —an)]
E[bntmbn] = JE[bnt+-mCn] +JE[Cntmbn] + ElCnimCn]

o Since E[b,] = E[c,] = (—1)1 + (1)1 = 0 and assume that component b,

and ¢, are independent, so we get

" 1, m=0
Elanimas] = {o m=0

@ So, Fourier transform of E[l,,,,1,] is equal to

oo

Q;(f) = ZE[IHmIn]e_ﬂﬂfmT = 1

m=0
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Application of Fourier Transform: Power Spectral Density

(Communication system)

o Finally, PSD of QPSK can be shown as

1 ’ sin?(mfT)
o) = lNPey) = AT
)
2nf T,
— 2A2Tbm . T=2T, WM
47T2f2Tb

v

Offset Quadrature Phase-Shift Keying (OQPSK)

OQPSK use the same pulse shape as QPSK. The only different is the phase
change of OQPSK which is only +7/2 . This can be done by delaying Quadra-
ture component by half of symbol period. However, the delaying does not
change PSD but it affects phase spectrum. So OQPSK has the same PSD as
QPSK.
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Application of Fourier Transform: Power Spectral Density
(Communication system)

Minimum Phase-Shift Keying (MSK)
o We will derive PSD of MSK signal based on [2]. A cosine pulse of width
T has Fourier transform

L cos(7fT) L cos(2mfTp)
SO = 2Taapr—n = Trueenion

where T = 2T,

@ Since MSK can be written as

v(it) = i ang(t —nTp),

Nn=—oo0

where a, = £1 for n even and a, = £j for n odd, g(¢) is cosine pulse of
width 7' = 2Tj,.
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Application of Fourier Transform: Power Spectral Density

(Communication system)

@ Hence, from [2], PSD of MSK can be shown as follow.

16A2Tb( cos(7fT) )2 =
2 16£2T,% — 1 i

i) = TISOP

Note that A is amplitude of cosine pulse.

The theoretical PSD based on the above calculation are plotted in Fig.11.
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Application of Fourier Transform: Power Spectral Density

(Communication system)

Theoretical Power Spectrum Densily of BPSK, QPSK, 0QPSK and MSK

HatdOapSK:

]

|+
.y
[ A~

Normallzed Power Spectral density (dB)
o )

1]

1 2 3 4 5
fb

Figure 11: Theoretical Power Density of BPSK, QPSK, OQPSK, and MSK
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Application of Fourier Transform: Power Spectral Density

(Communication system)

From the figure, we can see from above figure that theoretically, BPSK has the
largest mainlobe compared with QPSK, OQPSK and MSK. The width of main-
lobe of BPSK is double of that of QPSK. So, it means BPSK signal requires
larger BW to transmit compared with those three signaling. Mainlobe of MSK
is between BPSK and QPSK/OQPSK. However, its sidelobe is pretty much
lower than BPSK and QPSK/MSK. So, MSK might be suitable with narrow
BW channel.

Comment on PSD

In practical, if the modulated signal is complicated, its PSD can be computed
experimentally using MATLAB command: pwelch. pwelch is the MATLAB
command that estimates power spectral density of signal sequence(sample) via

Welchs method which is nonparametric power estimation method developed
by Welch [5].
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o The Fourier integral is the extension of Fourier series for non-periodic
functions. The basic idea is to expand the period of periodic signal to
infinity. Fourier integral is defined by (14)-(15).

@ The definition of Fourier transform is derived from Fourier integral and
can be computed by (24). The inverse version of Fourier transform is
called inverse Fourier transform and can be copmuted by (25).

e The physical intepretation of the Fourier transform of f(x) is considered as
the superposition of all possible frequencies of sinusoidals functions that
f(x) is composed of. Fourier transform is also called Spectral Density and
Amplitute Spectrum.

@ In general, Fourier transform is complex-valued. Its magnitude and phase
are called Magnitude Spectrum and Phase Spectrum, respectively.

@ Fourier transform is widely used in many engineering applications such
as optics, communications, signal processing, etc.
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Exercises (Fourier Integral)

Find Fourier integral of the following functions (a is constant).

1 ,0<x<a
Exer 1. f(x):{ 0 >0

Exer 2. f(x)—{ e” ,0<x<a

0 , x> 0.
x ,0<x<1
Exer 3. f(x):{ 0 1

Exer 4. Compute Fourier integral of f(x) in Exer 3. forx = 1,2, and 3
(say, compute f(1),f(2), and f(3)) when a = 1,2,3,4, and 5.

WISARN PATCHOO (Bangkok University) IE 221: Engineering Mathematics (updated Sep, 2014) 86/225



Exercises (Fourier Transform)

Find Fourier transform of the following functions (a and k are constant).

ek ,x <0

Exer I.  f(x)= { 0 , otherwise.

k ,0<x<a
Exer2. f(x)= { 0 , otherwise.

,—l<x<1
, otherwise.

Exer3. f(x)= { )(C)
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Exercise (Fourier Transform)

Exer4.  f(x) is given as the following figure.

f(z)
3
2
1 —
2 ) ) 4 7

Figure 12: f(x) in Exer 4.

Exer 5. Use result in Exer 3., plot Magnitude Spectrum
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